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Abstract 

We rederive dispersionless Hirota equations of the dispersionless Toda hi- 
erarchy from the method of kernel formula provided by Carroll and Kodama. 
We then apply the method to derive dispersionless Hirota equations of the ex- 
tended dispersionless BKP(EdBKP) hierarchy proposed by Takasaki. More- 
over, we verify associativity equations (WDVV equations) in the EdBKP hier- 
archy from dispersionless Hirota equations and give a realization of associative 
algebra with structure constants expressed in terms of residue formula. 
PACS: 02.30.1k 

Keywords: dispersionless BKP hierarchy, kernel formula, dispersionless Hirota 
equations, WDVV equations 



*E-mail: ytchen@math. sinica. edu.tw 

^E-mail: phymhtu@ccu.edu. tw(corresponding author) 



1 



1 Introduction 



Dispersionless integrable systems (DIS) are integrable hierarchies in dispersion- 
less limit (or quasi-classical limit). Among them the dispersionless Kadomtsev- 
Petviashvili (dKP) and dispersionless Toda (dToda) hierarchies are special since 
they have been recognized as universal DIS in several fields of theoretical physics 
and mathematics ( see e.g. [111111111101112111311111111111123123 and references 
therein). The solutions of the dKP and dToda hierarchies can be characterized by 
a single function called r functions, the logarithm of them; namely, T = logr de- 
scribe free energy of some two-dimensional topological field theories in genus zero 
and satisfy the Witten-Dijkgraaf-Verlinde-Verlinde (WDVV) equations |31| 13 ITU] . 
In particular, the finite-dimensional reductions of dKP and dToda systems are re- 
alized as special solutions of topological Landau- Ginzburg models of A-type and 
topological CP 1 models, respectively [§J HZ1 UH UJ In terms of free energy J 7 , the 
hierarchy flows of dKP and dToda can be written as a set of second derivatives of JF 
called dispersionless Hirota (dHirota) equations. There are a lot of works devoted to 
derive dHirota equations. In (21] , Takasaki and Takebe derived dHirota equations of 
the dKP hierarchy from dispersionless limit of differential Fay identity. Carroll and 
Kodama jH] studied the same dHirota equation from the method of kernel formula. 
On the other hand, Wiegmann, Zabrodin et al [13 E0J investigated dHirota equa- 
tions of the dToda hierarchy in the context of conformal mapping. More recently, 
Teo [29j derived dHirota equations of the dKP and dToda hierarchies from complex 
analysis using the notions of Grunsky coefficients and Faber polynomials. 

The main purpose of the work is to demonstrate the applicability of kernel for- 
mula to other dispersionless integrable hierarchies. In particular we would like to 
derive dHirota equations of a universal integrable hierarchy underlying topological 
Landau-Ginzburg models of -D-type proposed by Takasaki [23]. Since this integrable 
hierarchy is an extension of the dispersionless BKP (dBKP) hierarchypj |22l El E] 
and has two sets of time variables we refer it to the extended dispersionless BKP 
(EdBKP) hierarchy 6j. The EdBKP hierarchy resembles the dToda hierarchy in 
many formulations such as dressing operators, Orlov functions, Riemann-Hilbert 
problem, additional symmetries, w-algebras, hodograph solutions etc. [23 E] Mo- 
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tivated by the work for dKPjH] we first give an elementary derivation of dHirota 
equations to the dToda hierarchy by using the method of kernel formula. We then 
show that the method of kernel formula can be applied to the EdBKP hierarchy 
without difficulty As a by-product, associativity equations ( WDVV equations) in 
the EdBKP hierarchy can be verified directly from dHirota equations. Therefore 
our results indeed provide another point of view to understand the integrability of 
the dBKP hierarchy in connection to topological field theories. 

Let us briefly recall the method of kernel formula^ for the derivation of dHirota 
equations of the dKP hierarchy. The dKP hierarchy is defined by the Lax equations 

d tn X = {B n ,X}, B n = (X n )> , n = l,2,... 

where the Lax operator A is a Laurent series of the form 

a = p + E u n+ ip~ n , 

n=l 

with Uj are functions of the time variables t — (x — t 1 ,t 2 ,---), (A(p))> denotes 
the projection on the polynomial part of A(p), and {A,B} stands for the Poisson 
bracket 

_ dA8B_ _ dA8B_ 

dp dx dx dp 

It can be shownj2niEH] that there exists a function T{t) called free energy such that 

BJX) = X n -Y ^HLx~ m 

r^l m 

where T n ^ m = d^d^J 7 and thus T n ^ m = T m ^ n . Particularly, for B\ = p we have 

P(A) = A-E^PA- (1) 

m=l " l 

which can be viewed as the inverse map of X(p). Multiplying X n ~ l d p X with n > 1 
to ((H) and taking the projection ()> we obtain 

n— 1 

d p Qn+i(X) -p(X)d p Q n (X) - -^dpQn-miX), n > 1. 

m=l 771 

where Q n = B n /n. Multiplying fi~ n and summing over n>0we have 
= (P(A*)-P(A))E^(AV" J . 



or 

1 oo 

— - — =j2 d vQ^)^ J 

p\p) - p( x ) J^i 

which is the kernel formula for the generating function of d p Qj(X). Integrating above 
with respect to p(X) and fixing the normalization at /i = oo, then 

p{p) -p( x ) 

which together with the expressions of second derivatives of T for Bj(X) and p(X) 
yields dHirota equations of the dKP hierarchy |2*%1 IHj: 

D(/i)d tl F - D{X)d tl F = (ji - A)(l - e *MW) (2) 

where D(z) = Yl,m=i z ~ m dt m / m - A convenient way to obtain a set of relations 
defined by T m ,n is to consider (J2J) under the limit fi — > X. Then one gets 

d x D(X)d tl F=l-e D ^ D ^. 

By comparing the coefficients of A~" on both sides one obtains [5 : 

•F y = — o, Z2, ■ ■ ■ , Zj + i), j > 1 

where Pj are elementary Schur polynomials and Zj = J2 n +m=j ^ S2a - A few equations 
from such an expansion have been given in Here we just mention the simplest 
nontrivial equation 
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which, after noticing u = m 2 = T\\, is just the (2 + l)-dimensional dKP equation [T3] 

u t = 3uu x + ^d~ l Uyy. 

Therefore, kernel formula provides an elementary and convenient way to derive dHi- 
rota equations of dKP from the Lax formulation without referring to its dispersive 
counter parts, such as (differential) Fay identity. The rest of the paper is organized 
as follows. In sec. 2 we rederive dHirota equations of the dToda hierarchy using the 
method of kernel formula. In sec. 3 we turn to the EdBKP hierarchy to investigate 
its dispersionless Hirota equations. In sec. 4 we verify associativity equations (or 
WDVV equations) in the EdBKP hierarchy from dispersionless Hirota equations. 
Realization of associative algebra and the residue formula for structure constants of 
the associative algebra are also given. Sec. 5 is devoted to the concluding remarks. 
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2 Dispersionless Toda hierarchy 



Next let us apply the method of kernel formula to the dToda hierarchy as a warm-up. 
Following [221 12H] , the dToda hierarchy has two series of independent variables t = 
{ti,t 2 , ■ ■ •) and i = (ti, t%, ■ ■ ■) along with a space variable to- Its Lax representation 
is 

d tn X = {B n ,X}, d- tn \ = {B n ,X\, 
d tn X = {B n ,X}, d^X — {B n , A}, 

where A and A are Laurent series 

n=0 n=0 

of a variable p and B n and B n are given by 

B n = (A n )>o, B n = (A n )<-i, 
where we denote (A)<_j = A — (A)> . The Poisson bracket {, } is defined by 

^CP'*),5(p ) t)} = p-^ ^ 

One can view A as a map defined in domain Doo containing p = oo, while A in 
.Do containing p = 0. Let jF(t ,t,t) be the free energy associated with the dToda 
hierarchy, one can define functions S and S [2EJ GEj : 



n=l n=l 



S{X) = ^t n A" + t logA-^^A-" 



5(A) 



OO Q_ <p _ 

£ inX~ n + to log A + - E —X n , 

n=l n=l n 



such that 



B«(A) 


= d tn S(X) 




B„(A) 


= d tn S(X) 


\ " n,m > m 

— nO /, * 
^1 m 


B„(A) 


= d {n S(X) 


T- 

^1 ™ 



(3) 
(4) 
(5) 



B n (X) = d ln s(\) = \- n + F«. fl -Y,—x n i ( 6 ) 

m 



logp(A) = d tQ S(\) = \og\-J2— X ~ m i (7) 

m=l m 

logp(A) = fl^(A)=togA + ^o,o-£^A ro , (8) 

m 

where J- nt m = d tn di m T and <fi satisfies 

d tn ^=(X n ) , d- tn <P=-(\- n )o, d t J = logu . 

Noticing that ©, ©, and ((Zj) are defined in the domain D^, while ® , (jOJ), and (JHJ) 
in D Q . 

In contrast to the dKP hierarchy where only one Lax operator is defined in 
-Dqo, the dToda hierarchy contains two Lax operators A and A defined in domains 
-Dqo and D Q , respectively. To derive dispersionless Hirota equations for the dToda 
hierarchy we shall generalize the method of kernel formula to the domains D^, D , 
and -Dqo fl D . 

In Doo. From equation (J3J for n = lwe have 



oo *p 

p(A) + Ml = A-£^A 



Multiplying both-hand sides by X n d p X with n > 1 and taking the projection ()> 
one gets 

n— 1 ^7 

9pQ n +i(A) - (p(A) + Mi)9 p Q n (A) - 5^ -^-<9 p (3 n _ m (A) = 0, n > 1 

m=l m 

where Q n = B n /n. Multiplying fi~ n and summing over n > we have 

oo n— 1 -77 

1 = £(0 P Qn+i(A) " (P(A) + U!)d p Q n {X) - £ ^o> p g n _ m (A))/i- n , 

n=0 771=1 m 

oo r oo 

= ( /i - Ml -^^ /i -^-p(A))E^Q m (A)/i- m 

J = l -7 T7l=l 

OO 



m=l 



or 
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Integrating the kernel formula (jHJ) with respect to p(X) and fixing the normalization 
at = oo we obtain 

p(//) -p(A) = /ie-Elt^W^ 
which, after substituting the expressions of Q n (X) and p(A), becomes 

- Ae" D ( A ^ = _ A ) e ^(/^. (10) 

where D(z) = £~ =1 ^" m ^ m /m. 

In D . Starting from equation © for n — 1, we have 

^- 1 (A) = A- 1 +^ ,i-E : ^A m 

Multiplying both-hand sides by X~ n ~ 1 d p X with n > 1 and taking the projection 
()<_2 one gets 

n— 1 

u Q p~ l (X)d p Q n - d p Q n+1 - F 0t id p Q n + E —^-d p Q n - m = 0, n > 1. 

m=l m 

where Q n = B n /n. Multiplying above by Ji n and sum over n > we have 

P(fi) 



p(X)(p(n) - p(X)) 



E ^Q m (A)/x m (n; 



m=l 



which is the kernel formula for the generating function of d p Q m (X). Integrating 
above with respect to p(X) and fixing the normalization at jl = we obtain 

P(A) -_p{fl) _ X - Jj D(p,- 1 )d tn F+D(\- 1 )D(ii- 1 )F 

p(A) x 

which, after substituting the expression of logp(A), becomes 

- Xe D^)9 t0 T _ fie D(X-i)d t0 F = ( A _ -^ybiX-^bi^F (12) 

where D(z) = ££ =1 z~ m dtjm. 

In D^^Dq. By replacing Q m (X) and p(A) in (jHJ) by Q m (X) and p(A), respectively 
we get 

~\ oo 

E d p Q m {X)ii- m 



p{p) -p(X) 



m=l 



7 



where Q m (X) = B m (X)/m. Integrating above with respect to p(X) and fixing the 
normalization at /i = oo we obtain 

W ~PW _ e -D( l M)dt F+D(\- 1 )D(n)? r 
/I 

Substituting the expression of logp(A) and logp(A) into above we get 

Similarly, we can also consider (JTTJ) in fl -Do by replacing Q m (X) and p(X) by 
Qm(X) andp(A), respectively. Then 

p(X)(p(fi) - p(A)) nr ._. 



d pQm(X)n T 



Integrating above with respect to p(X) and fixing the normalization at \i = we 
obtain 

p(X)-p(p.) \- Q mWP »> 

P(A) 

which together with (J7J) and (JHj) implies 

X _ Ei e To,o+D(X)dt o r-D(p.- 1 )dt ^ _ e D(X)D([l' 1 )^ ^ 

X 

This equation, after making a replacement A — ► /J and /Z — > X, is the same as (|13|). In 
summary, the free energy of the dToda hierarchy is characterized by the dHirota 
equations ((jTOjl. JHJ), and (|T3|)) [SHf HHj 1351 

e ^ ,o+o(^)9 to ^- B ( A )^o^ = /i A(l - e^OO^W 7 ) 

where we have made a change of variables A — > A -1 and p — > in ()12j) and Qlfljl 
for convenience to extract a set of relations satisfied by the second derivatives of T . 
For the first equation in ([14)1. we take the limit A — » /x to obtain 



s 



which, in terms of the second derivatives of T , becomes 



•f Om — m , \ -f ran 



oo 

ra—n 



1 i \ t~ —k I \ ^ J Dm — m i \ J ran 

1 + E FokV =exp n n + E A 4 

fc=l m m%l mn 

Using the elementary Schur polynomial and eliminating the constant terms on both 
sides, we obtain a set of dHirota equations of dToda hierarchy in terms of to- and 
tfc-derivatives of T: 

J 7 ofc-i 3 fe(ei,e 2 ,...,e fc ) = o > (is) 

where 

e 1 = ^ i, e> = — + E — , *>2- 

% , . mn 

m+n=i 
m,n>l 

In a similar way, from the third equation in (jl4j) . we have another set of dHirota 
equations in terms of to- and t^-derivatives of T: 

^ fc + n(ei,e 2 ,...,e fc ) = o, (ie) 

where 

ei = -^oi, a t = -^+ E *>2. 

% ■ mn 

m+n=i 
m,n>l 

For the second equation in (jl4j) . by taking the limit A — > /i, we have 

i - — e Tw E p fc(©i> ©2, • • • , ®k)u~ k = E ^(©i = o, e 2 , . . . , e k )u- h , 

^ k=0 k=0 

where Pfc(O) and -Pfc(O) are the elementary Schur polynomials and 

e 4 = V«-^di), ©i= E — . *> 2 - 

m+n=i 
m,n>l 

By eliminating the constant terms on both sides and noticing Pi(Q) = 0, we get a 
set of dHirota equations involving t -, t k - and t^-derivatives of T: 

e^P fe (0) + P fc+2 (0) =0. (17) 

Since we don't find equations from such expansions in the literature, we list a few 
of them in appendix A. In particular, the first nontrivial equation yields 

e Tm + T x \ = 0, 



which, after differentiating with respect to to and noticing cf) = doJ 7 , is just the 
dToda equation |23 12ZI I2HJ 

d h d h <f> + d tQ e 9 *+ = 0. 

3 Extended dispersionless BKP hierarchy 
3.1 Lax formalism 

Having derived dHirota equations of the dToda hierarchy, now we like to apply 
the method of kernel formula to the EdBKP hierarchy which is the integrable 
hierarchy underlying topological Landau-Ginzburg models of D-tjpe proposed by 
Takasaki[23j(see also P). The EdBKP hierarchy is described by 

d*2n+l^ = {£>2n+l, A}, <9t 2n+1 A = {B 2n +1, A}, 

d t2n+1 X = {*W, A}, d hn+1 \ = {B 2n+U A}, n = 0, 1, 2, . . . (18) 



with 



and 



X = p+J2u 2nP ~ 2n+ \ \ = Y,u 2n p 2n+ \ n t^O 



n=l n=0 



B 2n +1 — (A 2 ™ +1 )>0, £>2n+l — (A 2U )<-l> 

where the coefficient functions u 2n and u 2n depend on the time variables t = (x 
ti, t 3 , . . .) and i = (ii, £ 3 , . . .) and the Poisson bracket {, } here is defined by 

if g \ = ^L^L _ ^L^l 
dp dx dx dp 

Noting that A(— p) = — A(p) and A(— p) = — A(p) and thus (B 2n +i)[o] = (B 2n +i)[o] 
0. The Lax equations (fT8|) are equivalent to the zero curvature equations 



<% 2 „- 


y L B 2m+ l 


- d t2m+l B 2n+ i - 


\- {B 2m +i, 


B 2n +i} 


= 0, 


9t2n- 


yi B 2 m+l 


~ dt 2m+1 B 2n+1 - 


1" {B 2m +1: 


B 2n +i} 


= 0, 


9t 2 n- 


yi B 2m +i 


~ 4m+l B 2n+ i - 


I - {B 2m +i : 


B 2n +\} 


= o, 



which guarantees that the Lax equations ()18j) commute between themselves. Since 
the first member involving t 2 n+i-flows only is just the dBKP hierarchy and that is 
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the reason why we call this integrable hierarchy the extended dBKP hierarchy. It 
can be shown [2H] that there exists a single function J-(t, t) (free energy) from which 
one can define the functions 



S(X) = EWiA 2n+1 -E^4„ + /A 



-2n-l 



n=0 

oo 



n=0 



2n + l 



S W - E WiA 2n 1 - E 2n + \ " ! 



2n+l 



n=0 



n=0 



such that 

£>2n+l(A) = 9 t2n+1 S 

#2n+l(A) = d t2n+1 S 

£>2n+l(A) = 9t 2n+1 S 

£>2n+l(A) = dt 2n+1 S 



1 



A fixed 



A fixed 



A fixed 



A fixed 



-2m-l 



m=0 



2m+l 



m=0 



E 

m=0 



2m + 1 2ri+1 ' 



-2m-l 



A 



2n-l 



E 

m=0 



1 



2m + 1 



2ra+l,2m+l 



2m+l 



(19) 
(20) 
(21) 
(22) 



Noticing that (HH and (J2TJ) are defined in D^, while (J2H and (J2D in A)- From 
(Pj)-P2|l. for n = we have 

1 



p(X) 
P(A) 



a tl ^(A) = a - £ ; 2m A 



-2m+l 



./': 



2(H 



m=l 



2m - 1 



2m- 1 j 



«\S(A) = £ / 2m A 



2m+l 



1 



m=0 



«oV X (A) = %S(A) = E tonA" 2 " 1 " 1 , 



2ix 



#2r. 



2m+l ,Fi;2m+1 ' 
2mTT- FT ' 2m+1 ' (25) 



(23) 
(24) 



m=0 



«oV X (A) = M(A) = A" 1 - 53 ^A 2 - 1 , ^ 2m = ^—[^T^-i- ( 26 ) 



m=l 



Therefore the dynamical variables and of the system are characterized by 
the second derivatives of the free energy T . In particular, from (|2*3*|) and ([25)1 . we 
have «2 = J^n and Uq 1 = — J^ij, respectively. 

3.2 Kernel formulas 

To employ kernel formula to derive dHirota equations of the EdBKP hierarchy we 
shall first construct the generating functions of <9 p Q2n+i(A) and d p Q2n+i(ty- Let us 
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follow the procedure for the derivation of dHirota equations of the dToda case in 
the domains D^, D , and n D , separately. 

In Doo. Multiplying (H3J) by A 2n_1 6LA for n > 1, we have 



X 2n d p X = p\ 2n -%\ + E /jy A 2 "" 2 ^ P A, 

i=i 

which, after taking the polynomial part, leads to the recurrence relation 

n 

d p Q 2n +i{X) = p{X)d p Q 2n (X) + J] /2j<9pQ (A), (27) 

i=l 

where Q 2n+1 = B 2n+ i/(2n + 1) and Q 2n = (A 2n )> /(2n). Multiplying ©ZJ by 
/i -2 ™ (n > 0) and summing over n we obtain 

E d p Q 2 n + i{X)^ 2n - 1 - p(X) E 9 p Q 2n+2 (A)/i- 2 "- 2 = 1. (28) 

n=0 n=0 

i2n: 



On the other hand, multiplying both sides on (Jzojl by A d p X for n > 1, it follows 
that 

A 2n+1 3 P A = P X 2n d p X + E f 2j X 2n ~ 2j+1 d p X. 

i=i 

After taking the polynomial part we get another recurrence relation 

n 

d p Q 2n + 2 {X) = p{X)d p Q 2n+ i(X) + ^ f 2 jd p Q 2n - 2 j +2 (A). (29) 
Multiplying flU by 2n 1 (n > 0) and summing over n we obtain 

PO) E ^2n +2 (A)/l- 2 "- 2 = P (A) E ^Qsn+^A)^" 2 "- 1 . (30) 
n=0 n=0 

Plugging (J30|) into (f2~%J) to eliminate Dn=o <9pQ2n+2(A)/U~ 2n ~ 2 , we obtain the gener- 
ating function of <9pQ 2n+ i(A) as 

2 , f M 2m = E ^g 2 n + i(A) / /- 2 "- 1 . (3i) 

p 2 (/i)-p 2 (A) ^ 

Now we integrate the kernel (j3*Tj) with respect to p(X), and normalize at fi = oo to 
obtain 
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If we denote D(z) the differential operator 

oo — 2n— 1 

D(z) = d t , , , . 

then (13211 can be rewritten as 



= exp (-2i?(Ai)5(A)) = ^e-W-M^, (33) 

which is the same result derived by Bogdanov and Konopelchenko [2] where they 
obtained dHirota equations of the dBKP hierarchy from that of the dKP hierarchy 
by taking into account the symmetry condition S(—X) = —S(X). 

In D . To obtain the generating function of d p Q 2n+ i{\) we multiplying (j2E|) by 
A~ 2n_1 9 p A for n > 1, then 

\- 2n - 2 d p \ = u Q l p-\\)\- 2n - l d p \ + J2g 2j \- 2n+2j - 2 d p \. 
Taking the negative part leads to the recurrence relation 

n 

d p Q 2 n+lW = U 1 p- 1 (\)d p Q 2 n(X) +^292jdpQ 2 n~2j+lW, (34) 

where Q 2n+1 = B 2n+l /(2n + 1) and Q 2n = (A- 2n )<-i/(2n). Multiplying flMD by 
fi 2n {n > 0) and summing over n we obtain 

P~\p) E d P Q 2n+ i(\)fi 2n+1 ~ P _1 (A) E d P Q 2n {X)U 2n = -P' 2 {X). (35) 

ra=0 ra=l 

On the other hand, multiplying (J2*H|) by A _2n <9pA for n > 1, it follows that 

A-^-^pA = l p- l {\)\- 2n d p \ + Y,92jX~ 2n+2j ~ 1 d p ^ 
After taking the negative part we get another recurrence relation 

n-l 

<9 p Q2n(A) = u 1 p' 1 (X)d p Q 2n - 1 (X) + E 92jd p Q 2n -2j(X). (36) 

3=1 

Multiplying ()36j) by /2 2n_1 (n > 1) and summing over n we obtain 

P _1 (/2) E ^2n(A)/i 2n = p-'CX) E 9pQ 2 n + i(A)/i 2n+1 . (37) 

n=l n=0 
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Plugging (J37)) into (f33J) to eliminate J2 n =i d p Q2n(X)p 2n , which yields the generating 
function of d p Q 2 n+iW as 

2,-r M 2m = E 9 p 2 n + l(A)/i M . (38) 

Now we integrate the kernel (|38|) with respect to p(A), and normalize at p = to 
obtain 

§ril= exp (- 2 S*- ( ^ 2 " +1 ) (39) 



which can be expressed as 

PW ~ P(ft) A - ft ^2D(X~ 1 )D(p,~ x )J : ' ^ 



p(\)+p(ji) X + p 
where 



oo ^— 2n— 1 

In fl -D - 111 view of (JT§j) and (J2UJ) . the functional Q2n+i(A) and p(A) can be 
replaced by d t2n+1 S{X) / {2n + 1) and c^S^A), respectively. Then becomes 

p(fl) + d tl S(\) ' 

Similarly, in view of (J2T|) and (f22J) the functional Q2n+i(A) and M ~ 1 p _1 (A) can be 
replaced by dt 2n+1 S(X)/(2n + 1) and dt 1 S(X), respectively Then (jSUjl becomes 



u p (p)-d h S(X) = 2 D{x)D{pr^)F (A2) 
u V(P)+%5(A) ■ 1 1 

Note that, after making the replacements X —> p, and ft — > X, the right hand side of 
12l) coincides with that of (HTl). Hence 



p(p)d h S(p) = u^p-'CX^SCX) = u Q l (43) 
where the last equality is determined by setting p — > oo and A — > 0: 
lim p(p)di 1 S(p) = limMg 1 ^ 1 (A)9 tl 5'(A) = -.Fn = Wq 1 . 

> °° A— >0 

Eq. P3*|) contains the definitions (j23| and (J25J) and can be regarded as an extra 
condition besides the dHirota equations (fHHJ) . (|3U|) . and (jUJ. 

In summary, the EdBKP hierarchy can be characterized by a single function J 7 
satisfying (J33J), flUJ), (jUJ), and (g2J) (or @Q), (HQ), and 
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3.3 Dispersionless Hirota equations 

Let us rewrite p3|) , (jjQj) , (jH)) , and (j42j) as a set of equations satisfied by the second 
derivatives of T. 

(1) We first rewrite the equation as the form 



log 



X-fM p(X)+p(fi)J 

where p(X) is defined by (J2*3)) and for A — > /i we have 



2D(\)D(n)F, 



log(/x^logp(/x)) = 2 J D 2 (/i)^, 



E 



E 



2^ 



2m+l,2n+l 



^ (2m+l)(2n + l) 

\ m,n>0 



-ay- 



Then using the elementary Schur polynomial and (j2Hj) we obtain 

i I T^ 00 ..—2m— 2 oo 



1 Em=0 2m+l^ r l,2m+l^ 

where 9i, i > 1 are defined by 



-2m-2 



fc=0 



ft 



E 



2.F- 



2m+l,2n+l 



(2m+l)(2n+l)' 

m,n>0 



By comparing the coefficients of /i 2fc on both sides we obtain a set of relations 
satisfied by ^i+i^j+i- 



2m + 2 



1 



9/ T ^i l2w+ i - Pm+iW + E 27TT^' +lPfe+lW = °" (44) 

j+k=m~- 1 ^ 

i,fc>Q 

(2) Similarly, we consider (pfU|) by taking the limit A — > ft. Then 



log(/i9 A logp(/i)) = 2D 2 (^)J r 

oo Z' 

= E 



3=1 



E 



2JF; 



2m+l,2n+l 



^-i (2m + l)(2n+l) 

\ m,n>0 



// 



2.7 



Also, using the elementary Schur polynomial and (J2*H)) we obtain 



1 I v^oo -77 7-2m+2 oo 



1 _ V°° 1 t f,2m+2 

^tn=0 2m+l -r l,2m+l' 1 fc=0 
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where 0j, i > 1 are defined by 



_ 2J r 2 ni4-l,2n+l 



,„ + «=i-i (2m+l)(2n+l)" 

m,n>0 



By comparing the coefficients of /i 2fe on both sides we obtain a set of relations 
satisfied by F 2 i+x , 2j+i - 

2m + 2 - 1 

2^TT^^ - W*) + E aTTI^'W^W^) = °- ( 45 ) 

j+k=m—l J 
j,k>0 

(3) From (|41|l . by taking A — > 1/yU and using (j2S| and (j24jl . it is straightforward 
to obtain 



i \poo 1 It T \..—2m—2 -x 

1 Z^ TO =o 2m+l V * / i>2m+l l,2m+lJ/^ 

1 f ' . . _L T \,,-2m-~2 



-2fc 



where .Pfc(0) are elementary Schur polynomials and 9i, i > 1 are defined by 

1 ~ m+ hi-i (2m+l)(2n+l)- 

m,n>0 

By comparing the coefficients of /i _2fc on both sides we obtain a set of relations 
satisfied by J z 2 i+x^J+i'- 

" + E 27Tl^ 1 « +1 + ^i,27TT)^+i(^) = 0. (46) 

j,k>0 

(4) From it is straightforward to taking p, — > 1/A and by (|2fi|) and f!25l) we 
have 



1 _ V°° 1 f - T -77- \\-2m-2 oo 

1 ^"1=0 2171+1^1,217!+! -^X,2m+X) A E> (a Q a 

1 _ y-oo 1 / r , y \ \-2m-2 _ 2^ ^h\PU &2, ■ ■ ■ , PfcJA , 

1 ^m=0 2m+l v l,2m+l~ t ~-' l,2m+X) A fc=0 

where P/ C (6 I ) is defined as before and the above equation can be simplified as 

1 



2— — Fx,2m + X ~ Pm + X(d) + E >TT-T(^1,2VJ+T + ^I^+Oft+lW = 0. (47) 

j+k=m— 1 J 

Note that for it 2 = .Fn the first equation in (}4*4"j) is nothing but the 2+1-dimensional 
dBKP equation [7J 

5 

3ut + I5u 2 u x — huUy — 5u x d~ 1 u y — -^d~ l u yy = 0, 
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where t\ = x, t 3 = y, t 5 = t and u = w 2 , while the first equation in (jjQ]) is the 
simplest nontrivial 2+1- dimensional equation of EdBKP hierarchy involving t\ = x, 
t 3 = y, and t x : 

+ u x d~ x u- tx - -d^Uyt! = 0. 
For convenience, we list other higher flows of (j44j) - (}4"T)) in appendix B. 

4 Associativity equations in EdBKP hierarchy 
4.1 WDVV equations and generating functions 

Following |3j, let us briefly recall the basic notions of associativity equations. Let 
J 7 be a differentiable functions of a set of time variables t = (ti,t 2 , ■ ■ ■); namely, 
T = F{tx,t 2 ,h, • • •)• Tnen define J 7 ^ = dtd^T ', Tij k = d u d t d tk J- '. One can choose 
one of the time variable, say ti, and assume the nondegenerate metric rjij = Fiji, 
which can be regarded as a transform from {ti} to Define the matrix = 

dJ-'ij/dJ-'n, then 

F*h = E C\ m = E Clj^m (48) 
i i 

connects J-'ijk and rjij. It can also be treated as a definition of C\y 

If C\j is the structure constant of an associativity algebra generated by {(pi}; 
namely, fa ■ <pj = Y^i^fa, then we have the constraints J^iC^C^. = J2iC l j k C^, or 
equivalently 

E Cijf Ikm = E CjkJ~ ilmi 
I I 

which is the so-called WDVV equations arising from topological field theories [3H E] • 
Thus 

Xijkn = E CijF Ikn (49) 

is symmetric with respect to permutations of any indices. In general, one may 
choose any t a to define the metric t]{a)ij = Tij a and the structure constants C^-(a) = 
dTijjdTia-, then they obey the same associativity relations 

E C l tJ (a)F lkm = C\ k {a)Fum. (50) 
/ i 
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Introducing matrices F a with matrix elements (F a )y = Ti 3<x , one can rewrite the 
WDVV equations as 

F F _1 F — F F _1 F- 

3 a L m *- m A a 3 ' 

In the case of infinitely many variables it is convenient to define generating functions 
for jFjj, Fijk, Cij and X^i as follows 

oo — i —j 
oo —% —j —k 

D 1 D 2 D 3 f = £ 

1,3, k=l " 

CM = t\\c\„ 

i,j=l L J 

oo —i —j —k -n 
v / \ ST^ Z l Z 2 z 3 z 3 v 
-&{Zl, Z<2, Z3, Z4) — > — : Aj,fc n , 

i,3,k,n=\ J 

where D t = D(zi) = Y^jLx z^ 3 d tj /j. From the definition it is easy to see that 
Xijkn is symmetric in (ij) and (kn), while the associativity equations (J50|) implies 
that — Xikjn ot, in terms of generating function, 

X(z\, Z2, Z3, z&) = X(zi, Z3, Z2, Z4). (51) 

In jjjj, the associativity equations of the dKP and dToda hierarchies were derived 
from the corresponding dHirota equations by verifying the symmetric property 

4.2 From dHirota to WDVV 

To derive WDVV equations from dHirota equations for EdBKP we set i_2&-i = t 2 k+i 
(k < — 1) for convenience and rewrite the operator D(z) as 

_ z 2k+l 



We will use the notation D(z{) = Di and D{zi) = Di for brevity. The functions 



_,-2jfc-l „-2m-l 

Zi 4.9 



D 1 D 2 J r - fc E (2fc 1 +1)( L + l)^™« 
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and D\DiDj,T generate separately the sets of J r 2k+i,2m+i and J r 2k+i,2m+i,2n+i for all 
k,m,n > 0. On the other hand, the functions 

_ z -2k-l z 2m+l 

D 1 D 2 J r = 22 /<-,, ; T\7n 7T\^ 2fc+i,2m+i 

k>o%-i (2A; + l)(2m + l) 

generate the set of J r 2k+i,2m+i for all k > 0, and m < — 1, etc. We also introduce 
generating functions for the structure constants C^2i+i2i+i : 

_-2i-l -2j-l 
z l z 2 



^(4,4) - E ^m,2, + i (2 , + 1)(2j + i: 



M>0 



r 2i+l JJj+1 



r i( 7 - -\ v 1 2 

' " ^ ™* +1 (2i + l)(2j + l)' 

= i >o^-i^ SA ' +1 (2i+l)(2j + l)' (52) 



and the X 



ijkn 



z ~\i\ z ~\i\ Z -W Z -H 

X(zi, Z2, Z3, Z4) = — n — ;— : — ■ — i — r-X-iikn, hj,k,neZ odd . (53) 

. . , \i\ 7 \k\ \n\ 

i,],k,n=— 00 11 i J 1 11 11 

Notice that from (|52|) the property holds: C^z^z^) = C l (z2, zf ). The infinite 
WDVV equations are thus equivalent to the symmetry of the X(z\, z 2 , z%, Z&) under 
permutations of zi, Z2, Z3 , z±. In the following, we shall show that the associativity 
equations in the EdBKP hierarchy can be verified in a similar way as the dToda 
case |3j- 

Let us rewrite the dHirota equations PH]l . and (jH)) as 

Pi ~~ g2 _ Zi - Z 2 ^2D 1 D 2 F 



Pi +P2 Z\ + Z 2 



(54) 



Pl^P2 = Zt-to^D^ 
Pi +P2 Zl + Z 2 

PI + %Yt = (56) 
Pi - D20 tx T 

where jjj = p(zi) = Zi—Did tl T and pi = Uq 1 p~ 1 (z^ 1 ) = z i —D i d t _ 1 J-' . The symmetric 
form of equations (J5l"j) and (|53|) are [2] 

/12/23/31 + /12 + /23 + /31 = 0, (57) 
/12/23/31 + A2 + /23 + /31 = 0, (58) 
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where 

h = ^^ = ^e 2 ^, l<i,j<3, 

Pi + pj Zi + Zj 

fa = ^l = ^e 2 ^, l<z,j<3, 

Pi + pj Zi + Zj 

By taking the D 4 and -Dzt-derivatives of (|57ji we get the following useful identities 

V\{V?^2 ~ p 2 D 3 )D 1 D^ + pl( Pl D 3 - p 3 D 1 )D 2 D 4 T + pl(p 2 D 1 - Pl D 2 )D 3 D 4 F = 0, (59) 
pl(p 3 D 2 - p 2 D z )D x D 4 T + p 2 2 ( Pl D 3 - p^D x )D 2 D 4 T + ^(p 2 D 1 - Pl D 2 )D 3 D 4 F = 0.(60) 

Similarly, we have another two identities if we apply D 4 and D 4 to ([58)1 . We define 
a non-degenerate metric to be 7721+1,27+1 — •? r 2i+i,2j+i,i> an d the structure constants 
as 

00 

•T 2i+l,2i+l,2fe+l — 2^ U 2i+l,2j+l- A 2i+l,2fe+l,l- 
!=— 00 

where the indices take integer values. From the definition of the metric, we have 
Cf.tj+i = S l j for all /, j. To find other structure constants, apply d t2k+1 to the dHirota 
equations ( ^ - ([5% 

n n x t P\D 2 —p 2 D 1 

Pi - P2 _ 
n n ^ t PlD 2 — p 2 D 1 

Jj\JJ 2 2 k+lJ- — ^ Zo" J* 2fc+l,-l, 

pi - j4 

D 1 D 2 d 2k+1 F - pl _ {DM2 ^+1,1, (63) 

Comparing with (}4*8|) the generating functions of structure constants (}52|) can be 
read out from the right-hand side of these equations. However, the r.h.s. of equation 
()62j) is related to the derivation of T with respect to not t±, which forbids us 
to extract structure constants from (|62J) directly. Fortunately, this problem can be 
removed by considering ()43|) in the form 

D x d t _ x T = jD 2 d tl T. (64) 

Differentiating above with respect to ^2^+1 yields 

n T _ dzk+lp2 f=> r, r , P2 n T P2d 2 k+lPl pi o f 

i-'l^" 2fc+l,-l — L) 2 O tx J- H i^2^" 2fc+l,l 9 U 2°tx-' 

Pi pi p{ 
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which together with d 2 k+iPi = -D 1 J r 2 k+i,i and d 2 k+iP2 = —D 2 T 2k+ x,-i implies that 

DiFm+i ,-i = — A^fc+i-i H £> 2 T 2 k+\,\ + -ziDidt^DxFik+x x. (65) 

Pi Pi Pi 

Taking the limit Zx — > oo in we obtain 

D 2 T 2fc+l,-l = p— =: -P2^ 7 2*4-1,1) (66) 

which, after substituting back into (jESJ), yields 

-DiJF 2*4-1,-1 = —h~(D 2 d tl J 7 )DxJ : 2*4-1,1 
Pi 

On the other hand, exchanging the variables Zi z 2 , we have 

D\T 2 k+x-\ = pr~ -Pi^ r 2fc4-i,i) (67) 
D-zT-zk+x,-! — ^{.DxJ r x)D 2 J r 2 k+x,\- 

P2 

Substituting (jo^j) and (JoT|) into the numerator of (jo^j) and taking into account (|51jl. 
then ((021) becomes 

DxD 2 d 2k+ xF - {Didt ^ )2 _ { D 2 d tl F)* • F2fe+1 ' 1 " (68) 



Now we can find all structure constants by using equations (|BT|). (J03J), and 
First, we conclude from (JfiT|) and (JH%|) that C 2 ^l <2 j +l = for z,j > and / < — 1, 
or i,j < —1 and / > 0. Next, if all the indices are positive, we have: 

^>= y gT^v ' so - (69) 

while all the indices are negative, it gives 

C(*,-.*)= iW 1 -!^, ,<_!. (TO) 

(2( + 1) ((da,,^) 2 - (OA*? 

When z and j have different signs we use (JBHJ) to obtain: 



(2/ + i)(^-( J D 2 ^)2; 



, Z>0, 



-Pl^2 2 ' +1 

,/<-!. 



(71) 



[ {2i + i)(pi-{D 2 d tl ry 
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Making use of the structure constants, we show that any solution JF of the 
EdBKP hierarchy obeys the WDVV equations: 

oo oo 

C2i+l,2j+l-^2Z+l,2fc+l,2n+l — ^ C^+l^k+l^Zl+lfij+l^n+U i,j,k,n&Z. 
l=— oo l=— oo 

(72) 

Although the generating functions ()53|) is totally symmetric w.r.t. permutations of 
Zi, . . . , Z4, however, it is enough to prove the symmetry w.r.t. the permutations of 
z 2 and z 3 in (j^Sl), i-e. X{z\, z 2 , z 3 , z 4 ) = X{z x , z 3 , z 2 , z 4 ). 

For all positive indices in (J72J), we use (|p^j) to obtain the generating function 

X(zi, z 2 , z 3 , z 4 ) = 1 2 (piD 2 - p 2 D x )D 3 D±T. 

Hence we have to prove 

(pl-pi)(piD 2 -p 2 D x )DzD A F = (pl-pDfaDs-pzDt^DiF. (73) 

It is straightforward to bring ()73)1 into the identity (}59|) by eliminating plD 2 D 3 D4J r 
to the both sides of (f?3*j) . which concludes the proof for this case. If the index n in 
()72|) is negative, then with the help of (JBDJ) the same arguments go through. 

Let all the indices in (|72|) be negative, then by (|T0j) we have the following equation 
to be verified: 

= (D 1 d tl T) 2 ({D 3 d tl F)D 2 - (D 2 d tl F)D 3 ) D X D±F 
+{D 2 d tl Tf {{D x d tl T)D 3 - (D 3 d tl T)D 1 ) D 2 D 4 J r 
+ (D 3 d h F) 2 ({D 2 d tl T)D 1 - (D.dt^D^ D 3 D 4 F, 

which, after consulting (jHEJ), is indeed an identity. This completes the proof for this 
case. 

Let j in (|T2*|) be negative, and all others be positive. In terms of the generating 
functions the WDVV equations now reads 

( Pl D 2 + (D 2 d tl F)D 1 )D 3 D i F = ( Pl D 3 - p 3 D x )D 2 D±T 

pl-{D 2 d tl ry pi-pl • 1 j 

We express D 3 D 2 D 4 and D X D 2 D 4 from (JH3J) (multiplying it by zl 2k ' 1 /(2k + 1), and 
summing over k) and substitute them back into (fTIj). It follows that 

n n n ^ _ ( Pl D 3 - p.D^DA^ 

DlD 3 D A J- — ^ 2 ' 

Pi -Pi 
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which is provided by (|61|). We conclude the proof of this case. 

Finally, let j, k be negative, and i, n be positive. In this case we have the following 
WDVV equations to prove: 

( Pl D 2 + (D 2 d tl F)Di) D3D4F _ (piDs + (Dsdt^Dt) D 2 D 4 F 

Pi - (D 2 d tl ?y " v \ - (D 3 d tl ry ' (75) 

where we have used C l (z 2 , zf) and C l (z 3 , zf) defined in (J7TJ) to the l.h.s and r.h.s. 
of (J7Hjl . respectively. Expressing D\D 3 D^ and D\D 2 D^ from (jHSJ) and substituting 
them back into (j75j). then 

_ _ _ ((D 3 d tl F)D 2 - (D 2 d tl F)D 3 ) D 4 d h F 

which is provided by ()68jl . This completes the proof of WDVV equations for the 
EdBKP hierarchy. 

4.3 Associative algebra and residue formula 

The realization of the associative algebra with the structure constants (|H9 ^1 -([7I |l . 
is obtained with the help of the kernel formulas (j31)l and ()38j) by introducing the 
generators 

(p2k+i{p) = j , k EZ (76) 

dp 

where B 2k +i = B- 2k -i for k < —1. Then the kernel formulas ([3*Tjl and (jHEJ) give us 
the following relations: 

p(z) z~ 2k— 1 

"1 2? V = ~E o;± -, 02fc+i(p), (77) 

P 2 -p 2 (^) ^o 2A; + 1 

D(z)d t T z "2k+i 

- mk^y = ~ fc | : 1 2TTT 02fc+i(p) - (78) 

For example, we start by writing the identity 

P1P2 P1P2 / 1 1 \ 



(p 2 - Pi) (P 2 - Pi) Pi - P\ \p 2 - Pi P 2 - P2 / ' ^ 
and expanding both sides in z{ ,z 2 . Then, using (J77)l and (fT9~j) . and comparing 
with (|6T7|) . we obtain the algebra 

02i+l(p)02j+l(p) = ^+1,2^+1024+1 (P), «, j > 0. 
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Next, we can expand both sides of the identity 
p x D 2 d tx T p 1 D 2 d tl J r 



0) 



in Zi , z 2 . Using (|77jl . (J78J) and (J5Uj) . and comparing with (fTTj) . we have the algebra 

oo 

02i+l(p)02i+l(p) = J! G 2i+l,2j+102m(p)> * - °» 3< - 1 - 
i=— oo 

The other algebra for i, j, Z < —1 can be verified in a similar way and the structure 
constants are given by (fTUj). 

Now let us derive the residue formulas for third order derivatives of T (i.e. 
3 r 2j+i,2k+i,2m+i) directly from dHirota equations. For the case of all the indices are 
positive, using (pjTj) for k = 

D 1 D 2 d h J r = — o t JF, 

Pi - P2 

we can express D\D 2 D 3 T in terms of Did\ x T only: 



(81) 



n n n t oV f Pl p 2 p 3 D(z(p))dlF \ 

Expanding both sides of (}8Tj) in the series in zi, z 2 , z 3 and using (|77jl we obtain 

— 1 f dt zip) 

J r 2j+l,2k+l,2m+l = — f 1 02j+l(p)02fc+l(p)02m+l(p)^P, j,k,17l>0. 

7C1 J Coo % \P) 

where, due to the fact that = d tl p(p) = d tl p(z) + d z p(z)d tl z, we have rewrited 
D^z^p^d^J 7 = —d tl p(z) = d tl z/z'(p) in the numerator of (JHTI) . 

Similarly, for those cases containing non-positive indices we have 

Dl D 2 D^ = 2 g-4 (p 2_ p 2 )(p2 _ p 2 )(p2 _ m ^ )2) ^ ; 

aw - 2 g res - U 2 -p?)(p 2 - (WW - ' 

D 1 D 2 D 3 F = 2^res Pi — - - - - - -— dp , 



»=i 



* \ (P 2 - (DA^mP 2 - {D 2 d tl FY)(p* - (D 3 d tl ry) 



where d tl Pi = —Did^J 7 when we evaluate the residue at p = pi, while d tl Pi = D$1^T 
at p = Did tl J- '■ Using (J77|) and (|78|L similar residue formulas can be written down. 
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5 Concluding remarks 



We have demonstrated the method of kernel formula to derive dHirota equations for 
several dispersionless integrable hierarchies. After recalling the original approach 
to the dKP hierarchy, we rederive dispersionless Hirota equations for the dToda 
hierarchy and apply the method to the EdBKP hierarchy The results enables us to 
investigate the associativity equations in the EdBKP hierarchy. 

Three remarks are in order. Firstly, it would be interesting to compare our 
results to a recent work by Takasaki[24 j on two-component dBKP hierarchy where 
the corresponding dHirota equations were obtained by taking quasi-classical limit of 
the (differential) Fay identities. This will help us to understand how to extend the 
dBKP hierarchy to integrable hierarchies with two sets of time variables. Secondly, 
the associativity equations discussed in sec. 4 is an infinite-dimensional version of 
WDVV equations in which the number of variables tk is infinite. However, in jE], 
some finite-dimensional reductions of the EdBKP hierarchy have been obtained via 
Riemann-Hilbert construction. Therefore, it is quite natural to ask whether these 
solutions satisfy the finite-dimensional version of WDVV equations. Thirdly, in 
[TTH I27H l2*T] Pavlov discussed dHirota equations of dBKP system from the point of 
view of Egorov hydrodynamic chains and constructed associated solutions of WDVV 
equations. His approach in some sense gave a Hamiltonian approach to the dBKP 
system. Therefore it is also interesting to investigate Hamiltonian formulation to 
the EdBKP hierarchy which has the advantage of studying solutions of WDVV 
equations. Works in these directions are now in progress. 
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A dHirota for dToda 

Equation (|T5|). 

^ 2 : 02 — tt-^oi — -^n = 0; 
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_ 3 2 1 3 1 

A* : 77 F 03 — 01 ~~ 77 F 01^ 02 — ^ OlJ 7 11 — ^12 = 0, 

O 6 2 

—4 . ^ T f 17 T 17 17 

A 1 • JT^ 04 — Tj - ^ 01 — Ol-^ 03 — J~ OlJ~ 12 — g-^ 02 — 2 02^" 11 



Equation (fTtj)). 



A 4 " 2 : ^02 + ^oi+-^n = 0, 

3 ^ 1 3 1 

A 4 : 77 03 — TJ-^ 7 01 + 77 01-7 7 02 — ^ Ol-^ll + ^12 = 0, 

6 6 2 

A 1 4 : J:-? 7 04 + 24^1 3"^ 0l ^ r °3 — ^ oi-^i^ + g-^02 — 2^ 

+ 77^TT + 7^13 + T^22 = 0. 



Equation (fT7)l . 



A* : e^°° + J^n = 0, 

A 4 " 3 : e^°° (^01 - ^01) + + 7^21 = 0, 



A 4 4 : — e" 5 ^ 00 (J? 1 * q X + JFqj + JF 02 — JF 02 — 2JF 01 JF 01 , 

+ 2^?1 + 7^13^31 + \^22 = 0. 



B dHirota for EdBKP 

Equation 



A 4 6 : 7£-^ 15 + TJ-^ll — 77 XlF 13 ~ 77 33 — 0, 

6 6 9 

8 ^ 'i '7 — *4 '7 — *2 , 1 # # 1 , , 2 o 2 

A 4 : 17 + Tj-7 7 11 + Tj^ 7 U^ 7 13 - g-7 7 ll-^ 7 15 - g-7 7 33 ~ g ^ 1 3 _ ^ ^ 

10 1 1 5 ^ 3 1 2 1 2 

A 4 : 77 19 + 7-T 7 11 + 77 J~ 13 + T-? 7 ll-? 7 15 — 77 -T 7 ll^ 7 17 — TT ^ ll^ 7 35 

6 6 5 7 15 

4 1 2 1 

---^13-^15 - g -^13-^33 - 7^37 " 7^55 = 0. 



Equation (jSJ). 



1- I-, 1 1 

g- X. ■ g- X1 g- Ai - g >83 



A* 6 : 77 15 + 77 -^II — 77 ll^ 7 13 ~~ 77 •? 7 : 
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-8 2 1 4 1 2 1 1 2 2 2 _ 

10 1 1 5 2 3 1 2 1 2 

4 1 2 1 

•^ r i3^ r l5 — ^^IZ^M ~ 777^37 ~ TTF-^SS = 0- (86) 



15 9 21 °' 25 



Equation (|47)J) . 



A 1 4 : -T 7 n-? 7 n — g-^ 7 31 — 0, 

A 4 6 : ll-^ll + g-? 7 ll-^" 13 + g-7 7 ll-^ 7 31 + g-^ll + 3^ ll"^"" 13 ~~ ll"^" 31 

-8 2 2 3 1 1 1 

A* : tt-^ 7 li-T 7 ii-^ 7 3i + 77 F ii + 7^ 7 li-^ 7 15 + t:-^ 7 n-^ 7 33 + nF 51 

6 3 5 9 5 

+ g^ 7 ll-^ 7 ll-^ 7 13 + TJ-^ 7 lS-^ll + g-? 7 13-? 7 13 + Tg"-^ 7 13-? 7 31 + 3^11 
+ 77-^ 7 ll-^ 7 13 ~~ llF 33 ~~ T-^ 7 ll-^ 7 51 + ll-F 15 — TT-^ 7 13^ 31 

3 9 5 5 9 

"j)"^ 1 _ 15 ^ 35 _ 15 ^ ~~ 7^ 71 = °' ( 87 ) 

Equation (ETfl . 

^ 4 : ^ 7 11^ 7 11 _ g^ 7 13 = 0, 

6 : •^ 7 ll^ 7 Il + 2^ r il^ r i3 + g^ll-^Sl + g^Il + 2^ 7 11^ 7 13 ~ g^Il^Sl 

"g^ 33 ~ = °' 

-8 2 2 3 1 1 1 

^ : -^^Fll^ll^'ll + o '^ 7 ll-^ 7 ll + 7-^ 7 ll-^ 7 15 + n-^ 7 ll'^ 7 33 + T-FllFll 

6 3 5 9 5 

+ 2^ 7 ll^ 7 ll^ 7 13 + l^l^ll + 7J^ 7 13^ 7 13 + Tg'-^lS-^Sl + g-^tl 
+ 2^ 7 Il^ 7 13 — g^ 7 ll^ 7 33 ~ + g-^ 7 ll^ 7 15 — 7g"^ 7 13^ 7 31 
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